Isospin symmetry breaking effects related to the π 0 − η and π 0 − η ′ mixing angles are considered within a recently derived multi-quark interaction Lagrangian which accounts for all possible spin zero non-derivative type of vertices relevant at the scale of spontaneous breaking of chiral symmetry in 4D, including a subset of interactions which break the chiral symmetry explicitly. We work in the strange non-strange basis where the interactions of the π 0 with the η and η ′ mesons can be linearized in the mixing angles. We obtain a reduction of 40% in the ratio of the mixing angles ǫ ǫ ′ when the explicit symmetry breaking terms are present. A certain scaling behavior is identified which allows to separate the isospin breaking effects in the meson spectrum from the dynamics leading to the generation of the quark masses. The results are compared with the values extracted from various approaches in the literature.
Isospin symmetry breaking effects related to the π 0 − η and π 0 − η ′ mixing angles are considered within a recently derived multi-quark interaction Lagrangian which accounts for all possible spin zero non-derivative type of vertices relevant at the scale of spontaneous breaking of chiral symmetry in 4D, including a subset of interactions which break the chiral symmetry explicitly. We work in the strange non-strange basis where the interactions of the π 0 with the η and η ′ mesons can be linearized in the mixing angles. We obtain a reduction of 40% in the ratio of the mixing angles ǫ ǫ ′ when the explicit symmetry breaking terms are present. A certain scaling behavior is identified which allows to separate the isospin breaking effects in the meson spectrum from the dynamics leading to the generation of the quark masses. The results are compared with the values extracted from various approaches in the literature. The strong isospin symmetry is considered to be a very good approximation in the empirical description of a large bulk of strong interaction processes. This is related to the hierarchy in which breaking of the chiral symmetry SU (3) L × SU (3) R by different current quark masses occurs, down to SU (2) I × U (1) Y flavor symmetry if m u , m d ≪ m s . In the case of the pseudoscalar mesons it is accurate at the order of the ratio of the light and strange current quark masses (m u − m d )/m s [1] , [2] and explains partly the small meson mass differences within charged isospin multiplets. A further source of isospin breaking is due to the electromagnetic interactions, which are expected to be suppressed at the scale of strong interactions.
A detailed quantitative analysis however requires isospin breaking corrections to be taken into account in a series of low energy phenomena, such as: the description of mass splittings of mesons, and Dashen's theorem [3] ; sum rules for quark condensates [2] , [4] ; kaon decays [5] ; π − π [6] , [7] and π − K scattering [8] , [9] in relation to mesonic atoms, [10] , [11] .
Strong isospin breaking effects become particularly relevant if a certain process depends crucially on the differences of the light quark masses. If in addition the electromagnetic interactions are a subleading effect, these processes provide for ideal tools in a quantitative analysis of quark mass ratios. In the latter category are the η, η ′ → 3π decays, the π 0 − η and π 0 − η ′ mixings, as well as the ρ − ω mixing in the vector channels.
Isospin breaking associated with the π 0 − η − η ′ system has long been known to play a role in the Standard Model prediction of the CP violation related ratio ( [12] [13] [14] [15] representing a substantial correction to the QCD penguin contributions [14] . It affects the value of the K 0 → π 0 π 0 transition through the dominant QCD Q 6 * Email address: osipov@nu.jinr.ru † Email address: brigitte@teor.fis.uc.pt ‡ Email address: alex@teor.fis.uc.pt penguin operator, which is one of the sources of uncertainties in the determination of ( [16] , for a recent review see [17] .
In chiral perturbation theory (ChPT) [18] , [19] , [2] the π 0 − η mixing angle occurs already at order p 2 and was first evaluated to order p 4 in the context of K l3 form factors in [19] .
In the analysis of η − η ′ mixing of [20] the U (1) A anomaly is described by the gluon transition matrix element < 0| αs 4π GG|η i > and the quark flavor basis has been used with the decay constants following the pattern of particle state mixing in that basis. It has been shown that this approach leads to results consistent with many observables related to η − η ′ mixing. In [21] , [22] it has been extended to include the mixing to the neutral pion.
In the present work we address the π 0 − η − η ′ mixings resulting from a recently proposed Lagrangian [23] , [24] . In this effective Lagrangian approach built from all spin 0 and non-derivative multi-quark interactions relevant at the scale of spontaneous chiral symmetry breaking the complete set of interactions which break explicitely the chiral symmetry was included for the first time. This Lagrangian represents a generalization of the original Nambu-Jona-Lasinio [25, 26] extended to the realistic three flavor and color case with U (1) A breaking six-quark 't Hooft interactions [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] and an appropriate set of eight-quark interactions [42] . The last ones complete the number of vertices which are important in four dimensions for dynamical SU (3) L × SU (3) R chiral symmetry breaking [43, 44] . The Lagrangian considers all interactions relevant at the same order in large N c counting as the U (1) A anomaly term.
In the isospin limit this generalized Lagrangian has been shown to accurately describe the low-lying spectrum of the pseudoscalar and scalar mesons [23] , together with a good description of the radiative two photon decays of the pseudoscalars and the strong two body decays of the scalars [24] . We take the Lagrangian in this limit to define the unperturbed system. Isospin breaking is introduced by allowing small variations in the up and down current quark masses and solving the gap equations to extract the pertinent constituent quark masses and condensates to be used in the meson mass expressions.
In the following we indicate only the terms of the bosonized Lagrangian which are relevant for the present study, the terms related with the π 0 , η, η ′ masses
( 1) and refer to [23] , [24] for the full Lagrangian and derivation. The kinetic terms require a redefinition of meson fields,
The matrix valued constants h
ab obtained by inverting 
where ∆ i = M i −m i ; t ijk is a totally symmetric quantity, whose nonzero components are t uds = 1; there is no summation over the open index i but we sum over the dummy indices, e.g.
The equations ( 4) must be solved self-consistently with the gap equations
and setting µ i = m i , using a freedom associated with the Kaplan-Manohar ambiguity [46] [47] [48] [49] , [23] , [24] . Here N c = 3 is the number of colors, and
s . The quark one-loop integrals I i (i = 0, 1) are the arithmetic [50] [51] [52] where
with the Pauli-Villars [53] regularization kernel with two subtractions [54] ρ(tΛ
The components of the fields φ are related as
We also introduce the η ns and η s which stand for the flavor components of the physical η, η ′ states in the nonstrange and strange basis. In addition to the flavor mixing in the η, η ′ channels the isospin breaking induces a coupling between the π 0 and these states,
To get the physical π 0 , η and η ′ mesons we proceed as in [22] . Since φ 3 couples weakly to the η ns and η s states (decoupling in the isospin limit) while the η − η ′ mixing is strong, it is appropriate to use isoscalar η ns , η s and isovector φ 3 combinations as a starting point for a unitary transformation to the physical meson states π 0 , η, η ′ . In this case the corresponding unitary matrix U can be linearized in the π 0 − η and π 0 − η ′ mixing angles ǫ 1 , ǫ 2 ∼ O(ǫ), ǫ ≪ 1. To be specific [22] ,
where
In particular, in eq.(9) ǫ = ǫ 2 + ǫ 1 cos ψ, ǫ ′ = ǫ 1 sin ψ. The η − η ′ mixing angle ψ in the isospin limit is obtained from the mixing angle conventions summarized in the Appendix B of [55] . We have the following different possibilities of relating the physical states (X, X) with the states of the strange-nonstrange basis The pseudoscalar masses and weak decay constans (all in MeV) in the isospin limit used as input (marked with *) for different sets of the model. Parameter sets (a),(b) contain explicit symmetry breaking interactions (see Table III ) and allow for a fit of the scalar masses and strong decays as well, mσ = 550 MeV, mκ = 850 MeV, ma 0 = m f 0 = 980 MeV [24] ; set (c) does not. Set (a) corresponds to an octet-singlet mixing angle in the scalar sector of θS = 27. where the orthogonal 2 × 2 matrix R ψ is
or with the states of the singlet-octet basis
Here θ, being a solution of the equation tan 2θ = x, is the principal value of arctan x, i.e. belongs to the interval −(π/4) ≤ θ ≤ (π/4). The angle ψ is related with θ by the equation ψ = θ +θ id , whereθ id (θ id +θ id = π/2) is determined by the equations sinθ id = 2/3, cosθ id = 1/ √ 3, therefore ψ = θ + arctan √ 2 = θ + 54.74
• . It means that ψ is restricted to the range 9.74
• ≤ ψ ≤ 99.74
• . If the value of ψ leaves the range, we must resort to the anglē ψ = ψ − (π/2) = θ − θ id , taking values in the interval −80.26
• ≤ψ ≤ 9.74
• . These two angles correspond to two alternative phase conventions for a strangesscomponent. As a result of the following numerical calculations, in the case of the pseudoscalars the identification of the physical states isX = η, X = η ′ . Numerically the effects of isospin breaking are obtained by lifting the degeneracy in the up and down current quark mass values while keeping unchanged the complete parameter set G, κ, κ 2 , g j , {j = 1...8} as well as m s , M s obtained from the fits in the isospin limit, see Tables I-III . This leads to a change in the constituent quark masses and condensates of the light quarks, which must be reevaluated according to the amount of isospin breaking, set e.g. by the ratio δ =
, by solving four coupled equations, the three gap equations (5) linked to the SPA equations (4), and δ, self-consistently. The value of the mixing angle in the η − η ′ sector is taken to be the unperturbed one (given in Table IV) , which is compatible with the state mixing scheme in the φ 3 , η ns , η s basis.
We consider two scenarios: (i) the gap equations are solved by fixing the light current quark masses in the interaction terms to their unperturbed values (isospin limit), denoted as m 0 , thus allowing variations in the up and down current masses only in the leading in N c quark mass terms, i.e. in ∆ i in eq. (4) ; (ii) variations are taken to occur in all terms with current quark mass insertions. In the latter case the generation of constituent quark masses and condensates is understood to be fully nonperturbative in all flavors, as opposed to case (i) where the different constituent M u , M d quark masses originate only from a perturbation in the LO current quark mass term. We arguably favor case (ii) to be more adequate for determining the physical constituent masses and condensates, assigning their origin to the non-perturbative character of strongly interacting systems.
Concerning the meson mass spectrum, the interaction terms in eq. (3) involving the u, d, current quark masses are treated perturbatively, as the isospin breaking induced in these NLO explicit chiral symmetry breaking multi-quark interactions may obtain sizeable corrections from electromagnetic interactions, not considered in the present work. It is noteworthy that treating the meson spectrum perturbatively in the u, d current quark masses, one obtains that for both cases (i) and (ii) all matrix elements except the ones linking the φ 3 − η s and φ 3 − η ns states remain practically unchanged when compared to each other and to the isospin limit; and that furthermore the mixing φ 3 −η s and φ 3 −η ns can be made virtually the same for cases (i) and (ii) by rescaling the ratio δ such that the constituent quark masses match in both cases. The resulting mixing angles ǫ, ǫ ′ will then be the same, and the difference in considerations (i), (ii) has only an impact on the values of the current quark masses.
Thanks to this approximate scaling behavior it is possible to separate the isospin breaking effects in the meson spectrum from the dynamics leading to the generation of the quark masses. One can thus have a hint which of the scenarios (i) or (ii) describes more appropriately the generation of masses, by comparing the light current quark masses emerging in both with empirical data.
We present first the results for the isospin limit, from which the couplings are taken over to implement isospin breaking. We consider the cases in which explicit symmetry breaking terms are present in the interaction Lagrangian, sets (a,b) in the Tables, and compare with the parameter set (c) in which explicit symmetry breaking occurs only through the LO current quark mass term. Table I indicates the mass spectra of the low lying pseudoscalar (and scalar meson nonets, see caption, for sets (a,b)) used in the fit of parameters. Table II shows the current and constituent quark masses in the isospin limit and the model parameters which do not break explicitly the chiral symmetry, the 4-quark coupling G, the 6-quark t Hooft determinant coupling κ, and two 8-quark cou-plings g 1 , g 2 , of which g 1 is OZI-violating. In set (c) we put g 1 = 2500 without loss of generality, since a change in g 1 can be counterbalanced by a change in G leaving all other parameters and observables unchanged, except for the low lying σ-meson mass, see e.g. [56] , [57] , which does not affect the pseudoscalar characteristics considered here. Table III displays the couplings related with the explicit symmetry breaking interactions. In Table  IV further properties of the η − η ′ system are presented, the angle θ in the singlet-octet basis and the related angles θ 0 , θ 8 , as well as the weak decays f 0 , f 8 , obtained following the methods of [56] , and compared with the results of other approaches [20] and references therein, [58] , [59] , [60] . This comparison shows that set (a) yields results quite close to the chiral perturbation analysis of [58] and follows the general trend of the other references in the table, with exception of the sum rules approach of [60] . Our values for θ 0 , θ 8 are smaller, respectively larger than the ones presented in [20] , which is probably due to the different way in which the U (1) A anomaly is treated. One further notices that an increase in θ leads mainly to an increase in the θ 0 angle, comparing sets (a) and (b), which have similar theoretical input. Having shown that the parameters obtained in the isospin limit lead to a good description of empirical data, we proceed to show the results of isospin breaking in Table V . We use the same three values of δ in each parameter set (a,b,c). The amount by which the current quark masses differ, related to δ, leads to a slight reduction in the π 0 mass, which turns out to be at most 1 MeV. The larger observed empirical value for the difference m π ± − m π 0 ∼ 4.5 MeV is mainly of electromagnetic origin, not considered here. The main observation is that the ratio ǫ ǫ ′ remains almost constant within each set and that the sets (a,b) with explicit chiral symmetry breaking terms yield a ratio which is reduced by ∼ 40% compared to set (c). The larger value of δ leads in sets (a,b) to current quark masses of the light quarks which are closer to the presently quoted values m u = 2.15(15) MeV, m d = 4.70 (20) MeV, [64] . The case denoted as set (a') corresponds to solving the gap equations with the parameter set (a) keeping the NLO current quark mass insertions in (4) fixed to the value m 0 . As mentioned above, a rescaling of δ leads to the same output for constituent masses and mixing angles. However the large value δ needed for that requires a much too large splitting in the m u , m d values, as compared to empirical values. [22] . In the experimental value [63] the mixing π 0 − η ′ has not been taken into account. In the ChPT result [58] the η ′ is considered as a background field.
We conclude that the explicit symmetry breaking interactions of the generalized NJL Lagrangian considered are relevant to reduce the ratio ǫ ǫ ′ , bringing it closer to the phenomenological values. We obtain values for the ǫ mixing angle which lie within the results discussed in the literature. Unfortunately the value for ǫ ′ is much less discussed. We obtain ǫ and ǫ ′ reasonably close to the ones indicated in [21] , [22] for current quark mass values in good agreement with the presently quoted average values. The corresponding sets (a,b) are the ones which also yield the best fits to other empirical data within the model variants.
